The crossing number of a graph is the least number of crossings of edges among all drawings of the graph in the plane. In this article, we prove that the crossing number of the generalized Petersen graph P(10, 3) is equal to 6.
Introduction
Let n ≥ 3 and k ∈ Z n \{0}. The generalized Petersen graph P(n, k) is defined on the set of vertices {x i , y i |i ∈ Z n } with edges x i x i+1 , x i y i and y i y i+k [6] . The crossing number of G, denoted by cr(G), is the smallest number of pairwise crossings of edges among all drawings of G in the plane. Fiorini showed the values of cr(P(n, k)) for n up to 14 in [1] and the values are extended for n up to 16 in [3] . And in [1] the smallest unresolved cases result to be the graphs P(10, 4) and P(10, 3). For the first one, it was resolved by Sarazin [6] . For the second one, McQuillan and Richter [4] showed that cr(P(10, 3)) ≥ 5 and with the result verified by computer that cr(P(10, 3)) = 6, Richter and Salazar proved cr(3k + 1, 3) = k + 3 in [5] . Fiorini and Gauci [2] extended their result by showing that P[3k, k] also has the crossing number k for all k ≥ 4.
The main result in this article is the following theorem.
Theorem 1.1 cr(P(10, 3)) = 6.
The rest of this paper is organized as follows. In Section 2, we introduce some technical notations and tools, while in Section 3 we prove Theorem 1.1.
Preliminaries
Let G be a simple connected graph with vertex set V (G) and edge set E(G). For S ⊆ V (G), let [S] be the subgraph of G induced by S. Let P v 1 ···v n be the path with n vertices v 1 , . . . , v n and let *Corresponding author. Email: yangys@dlut.edu.cn C v 1 ···v n be the cycle with n vertices v 1 , . . . , v n . We denote by v i v j the edge with ends in the vertices v i and v j . The neighbourhood of a vertex v is denoted by N(v), formed by all vertices adjacent to v in graph. And the neighbourhood of S, denoted by N(S), is the union of N(v) for all v ∈ S. Additionally, the degree of a vertex v in a graph G is denoted by d G (v) .
A drawing of G is said to be a good drawing, provided that no edge crosses itself, no adjacent edges cross each other, no two edges cross more than once, and no three edges cross in a point. It is well known that the crossing number of a graph is attained only in good drawings of the graph. So we always assume that all drawings throughout this paper are good drawings. For a good drawing D of a graph G, let ν(D) be the number of crossings in D. In a drawing D, if an edge is not crossed by any other edge, we say it is clean in D.
Let A and B be two disjoint subsets of an edge set E. In a drawing D, the number of the crossings formed by an edge in A and another edge in B is denoted by ν D (A, B) . The number of the crossings that involves a pair of edges in A is denoted by
In this paper, we will use the term 'face' in planar drawings and 'region' in nonplanar drawings. By a line segment, we mean a curve incident with vertices or crossings. The bound of a region R is the boundary of the open set R in the usual topological sense. Two drawings of G are isomorphic if and only if there is an incidence preserving one-to-one correspondence between their vertices, edges, parts of edges and regions. We denote G ∼ = H if graph G is isomorphic to graph H and G ∼ = H if not. Now we will introduce the graph P(10, 3). Let (Figure 1 ). For i = 1, 2, let
To prove Theorem 1.1, we need to analyse certain drawings of these two subgraphs. Therefore, the following observation and lemmas related to their crossings in different situations will be useful for our later proofs. 
By this observation, we could have the following straightforward lemma.
, and we can have the following lemmas.
Without loss of generality, we may assume Figure 3 , we enumerate all the different situations in which there should be the most vertices of Now we introduce another graph H, which is a special dual graph of P(10, 3). It will be very helpful in our later proof, since we will enumerate the drawings of P(10, 3) according to the possibilities of H.
Let D be a drawing of P(10, 3). For i = 1, 2, let D i be the subdrawing of D corresponding to the edges of E i , and let H = (V H , E H ) be a graph corresponding to the drawing D, where V H = {u j : R j is a region of D 1 and there exists at least one segment of G 2 which lies in region R j }, E H = {(u j , u k ) : R j and R k are two adjacent regions of D 1 and there exists at least one edge of E 2 which crosses the common boundary of R j and R k } (Figure 4) . Then,
Furthermore, let f n = |{u : u ∈ V H and d H (u) = 1}|, and we have the following lemma.
Proof Since G 2 is a connected graph, H has to be a connected graph.
For
is a 2-connected graph, G 2 has to cross the common bound of R j and R j+1 at least twice. Hence,
For each edge u j u k ∈ E H , by the definition of E H , G 2 crosses the common bound of R j and R k at least once. For f n > 0, let u j ∈ V H be an arbitrary vertex with
Since G 2 is a 2-connected graph, G 2 crosses the common bound of R j and R k at least twice. Hence,
Crossing number of P(10, 3)
In Figure 5 , we give a drawing of P(10, 3) with six crossings. Hence, we have the following lemma.
Lemma 3.1 cr(P(10, 3)) ≤ 6.
In the rest of this section, we shall prove that the value of cr(P (10, 3) ) is not less than 6. 
Lemma 2.3, ν D (E
Since ν(D) ≤ 5, vertex v 9 has to lie in R 1 , vertex v 12 has to lie in R 3 , vertex v 16 has to lie in R 2 , and v 7 has to lie in R 1 (R 2 ). By Lemma 2.2, the edges of E 2 cross the bound of R 1 (R 2 ) at least three times and cross the edges of P v 14 v 4 v 3 (P v 14 v 11 v 1 ) at least twice. Hence, we have ν(D) ≥ 3 + 2 + 1 = 6, a contradiction (Figure 6 (2) and (3) (Figure 7(1)) . 1, 3) . Then, the edges of E 2 have to cross the edges of E 1 at least four 
Hence, we have ν(D) ≥ 4 + 2 = 6, a contradiction (Figure 9(1) (Figure 9(2) ). Case 2. 1, 2, 3, 4) , as shown in Figure 10 . Suppose G 2 lies in region R j ∪ R k and crosses the common bound of R j and R k . Let R be the region lying in the outside of 
